This study considers the estimation method of generalized beta (GB) distribution parameters based on grouped data from a Bayesian point of view. Because the GB distribution, which was proposed by McDonald and Xu (1995) , includes several kinds of familiar distributions as special or limiting cases, it performs at least as well as those special or limiting distributions. Therefore, it is reasonable to estimate the parameters of the GB distribution. However, when the number of groups is small or when the number of parameters increases, it may become difficult to estimate the distribution parameters for grouped data using the existing estimation methods. This study uses a Tailored randomized block Metropolis-Hastings (TaRBMH) algorithm proposed by Chib and Ramamurthy (2010) to estimate the GB distribution parameters, and this method is applied to one simulated and two real datasets. Moreover, the Gini coefficients from the estimated parameters for the GB distribution are examined.
Introduction
The estimation of income distributions has played an important role in the measurement of inequality (e.g., the Gini coefficient), and grouped data (i.e., class frequency data) has been widely used to estimate the distribution parameters. 1 In grouped data, although x j exists for j = 1, 2, . . . , n, which is assumed to be in ascending order, only income x i of the n i th observation for i = 1, 2, . . . , k is observable, where strictly k < n. In this situation, we seek to restore the true distribution (i.e., the dotted line) from the histogram drawn using the data by estimating the parameters of the hypothetical distribution as shown in Figure 1 . Furthermore, a vast body of literature has considered the estimation methods and/or hypothetical distributions.
Although the maximum likelihood estimation (MLE) has been widely used and is probably the most common method of estimating parameters for hypothetical distributions from grouped data (see McDonald and Ransom, 2008) , several estimation methods have been proposed and used to estimate the parameters of the hypothetical distributions, including minimum chi-square, the scoring method, least square, method of moments, Kloek, 1980) . One reason why several estimation methods have been proposed despite that the MLE is widely used is that the estimates of the population characteristics depend on the functional form and estimation technique by McDonald and Ransom (1979a,b) . Therefore, several hypothetical distributions have also been proposed and assumed as income distributions.
Among hypothetical distributions, generalized beta (GB) proposed by McDonald and Xu (1995) is the most flexible beta-type distributions, because it includes the most distributions. For example, it can be used as an income distribution and includes special or limiting cases. Comparisons of the hypothetical distributions have been examined in studies such as Atoda et al. (1988) ; Bordley et al. (1996) ; Kloek and van Dijk (1978) ; 1 Studies on the estimation of income distribution from individual data exist, such as Chotikapanich and Griffiths (2008); Hasegawa and Kozumi (2003); Tachibanaki et al. (1997) . However, we restrict our discussion to grouped data. There is another type of dataset that includes population shares and group mean incomes, and Hajargasht et al. (2012) Tachibanaki et al. (1997) . Most hypothetical distributions assumed in these papers are special or limiting GB distributions, including, for example, the GB distribution of the first and second kind (GB1 and GB2, respectively), proposed by McDonald (1984) , the Singh-Maddala (SM) distribution, the beta distribution of the first kind, the beta distribution of the second kind, the gamma distribution, the chi-square distribution, and the exponential distribution (see Figure 2 in McDonald and Xu (1995) for details on the relationship of the distributions).
These papers cover many but not all studies that examine the estimation methods and hypothetical distributions from grouped data. However, as shown previously, choosing the distribution and estimation method simultaneously is critical. In addition, when the number of groups is small or when we have to estimate a large number of parameters, it sometimes becomes difficult to estimate the distribution parameters using the existing estimation methods in our experiments (see also McDonald and Mantrala, 1995) . Therefore, it is reasonable to consider estimation methods that do not require the number of groups, or the hypothetical distribution. Thus, we consider the estimation procedure for the GB distribution proposed by McDonald and Xu (1995) , which is the most flexible distribution in the class of beta-type distributions, as later discussed.
In this paper, we take a Bayesian approach and use the Tailored randomized block Metropolis-Hastings (TaRBMH) algorithm proposed by Chib and Ramamurthy (2010) to estimate the parameters of the GB distribution. We compare this algorithm with the existing one proposed by Chotikapanich and Griffiths (2000) using both simulated and real datasets and compare the Bayesian estimates with the MLE ones in Bordley et al. (1996) using a real dataset. The results show that the TaRBMH algorithm can sample MCMC draws more efficiently than the algorithm by Chotikapanich and Griffiths (2000) . Moreover, the Gini coefficient from the GB distribution is examined using a real dataset, and we can show that it estimates the Gini coefficient accurately despite that the number of groups are relatively small.
The rest of this paper is organized as follows. In the next section, we introduce the features of GB distribution, including the probability density, cumulative distribution, and the likelihood functions, and we explain the MCMC estimation procedure for this distribution. In Section 3, we examine the numerical examples of both simulated datasets and real ones that include income data from both the United States and Japan. In the Japanese dataset, the performance of the Gini coefficient is also discussed. In Section 4, we conclude the discussion and state the remaining issues.
2 The GB Distribution 2.1 The Density, Cumulative Distribution, and Likelihood Functions While various probability distributions are used to estimate the parameters of a hypothetical income distribution, the GB distribution includes various probability distributions as special or limiting cases (see McDonald and Xu, 1995) , most of which are displayed in the previous section. Therefore, it is reasonable to estimate the parameters of the GB distribution, because the GB distribution performs at least as well as the special or limiting distributions.
The GB distribution has five parameters (a, b, c, p, q), and its probability density function (PDF) is written as
where B(p, q) is a beta function. For example, if we set c = 0 or c = 1, the distributions are reduced to GB1 and GB2, respectively. Moreover, if we set c = 1 and p = 1, it is reduced to an SM distribution (see Singh and Maddala, 1976) , which a desirable distribution in many empirical applications. Detailed relationships among the class of distributions are summarized in McDonald and Xu (1995).
To introduce the cumulative distribution function (CDF), we provide the following function:
where B x (p, q) is an incomplete beta function. Then, the CDF is written as
Given the PDF and CDF, we define the likelihood function following Nishino and Kakamu (2011) , which is based on the concept of selected order statistics. 2 To explain the likelihood function, let θ = (a, b, c, p, q) ′ be the vector of parameters and let x = (x 1 , x 2 , . . . , x k ) ′ be the vector of observations. Then, the likelihood function is defined as follows:
If we substitute (1) and (2) for (4), it becomes the likelihood function for the GB distribution. 3 
Posterior Analysis
Because we adopt a Bayesian approach, we complete the model by specifying the prior distribution over the parameters. 4 We apply the following prior:
Given a prior density π(θ) and the likelihood function in (4), the joint posterior distribution can be expressed
Finally, we assume the following prior distributions:
In the MLE, the likelihood (which is based on the multinomial distribution) is widely used. Nishino and Kakamu (2011) applied a likelihood based on selected order statistics to the log-normal distribution, which is more exact than that based on the multinomial distribution. Therefore, we use this likelihood and the concept of selected order statistics as summarized in, for example, David and Nagaraja (2003) . However, which likelihood we use is not critical. 3 If the PDF and CDF for the concerning distribution are available, we can apply this likelihood function to the distribution. The where G(a, b) and B(a, b) denote the gamma and beta distribution, respectively.
To obtain the posterior estimates, we implement the TaRMBH algorithm proposed by Chib and Ramamurthy (2010) as follows.
1. Separate θ into a 3 × 1 vector θ 1 and a 2 × 1 vector θ 2 randomly.
2. For j = 1, 2, implement the following Metropolis-Hastings steps.
(a) Generate θ new j from a multivariate t distribution, t(θ j , Σ j , ν), with meanθ j , covariance Σ j , and ν degrees of freedom. 5 Here,θ
) ′ for j = 1, and θ = (θ
2 ) ′ for j = 2 using simulated annealing by Goffe et al. (1994) . Here,
3. Return to step 1, and set m to m + 1.
5 In the numerical examples discussed below, we set ν = 15 as recommended by Chib and Ramamurthy (2010) . In addition, as in Chib and Ramamurthy (2010) , the inverse of the negative Hessian, which is a covariance matrix Σj, may not be positive definite. Thus, we also compute a modified Cholesky algorithm by Nocedal and Wright (2000) .
In all the numerical examples discussed in the next section, we set the hyper parameters as
Results reported in the next section are generated using Ox version 7.00 (OS X 64/U) (Doornik, 2009 ).
3 Numerical Examples
Simulated Data
To illustrate the Bayesian approach discussed in the previous section, we compare the algorithm with that by Chotikapanich and Griffiths (2000) using a simulated dataset. We set the number of observations to n = 100, 000 and assume a decile number of groups (k = 9). Given n and k, we assume that the true data-generating process (DGP) is a GB distribution, 6 where the parameters are a = 5, b = 30, c = 0.95, p = 0.5, and q = 0.8.
Furthermore, generate x j for j = 1, 2, . . . , n. The generated random numbers are sorted in ascending order, and x i corresponds to the n i th observation. Then, i = 1, 2, . . . , k is picked up and
are collected. Given the dataset, we run a RWMH algorithm using 800, 000 iterations and discarding the first 300, 000, while we run a TaRBMH algorithm using 11, 000 iterations and discarding the first 1, 000. Table 1 shows the posterior estimates of the parameters using RWMH and TaRBMH. From Table 1 , we first observe that the posterior means are close to each other, while the 95% credible intervals from TaRBMH are slightly wider than those from RWMH. In addition, all parameters include true values in the 95% credible intervals. Therefore, we conclude that both Bayesian approaches work well in the parameter estimation of the GB distribution. However, a 30-times difference appears in the inefficiency factors (IF), which approximate the ratio of the numerical variance of the estimate from the MCMC chain relative to that from hypothetical i.i.d.
draws.
To illustrate the differences in the mixing of the two algorithms over the parameter space, we plot the sample draws from the posterior distribution for the parameters together with auto-correlation functions (ACFs) 6 To generate a random number from GB with parameters a, b, c, p, and q, first generate Z from a beta distribution with parameters p and q. Then, X = b
becomes the random number from the GB distribution.
in Figure 2 . The top panel corresponds to the draws from the TaRBMH algorithm, and the bottom panel corresponds to those from the RWMH algorithm. As these plots show, the RWMH chain is highly persistent with the ACFs retaining significant mass even at lag length 300. On the other hand, the TaRBMH ACFs decay quickly (within lag length 200 for all parameters).
Finally, we discuss the reason why the convergence of the MCMC chain is slow. Figure 3 shows the counter plots of the marginal joint posterior distributions of each parameter. Figure 3 implies that correlations between a and p, between a and q, between b and q, and between p and q are very high. In the GB distribution, the shape parameters are a, p, and q, and several combinations of these three parameters might lead to similar distribution shapes. Therefore, such high correlations lead to the identification problem and make the convergence of the MCMC chain slow. However, because TaRBMH speeds up convergence, we can conclude that our algorithm is superior to the RWMH algorithm in terms of mixing.
U.S. Family Income Data
As far as we know, the GB distribution is estimated for grouped data only by McDonald and Xu (1995) and Bordley et al. (1996) . While McDonald and Xu (1995) did not seem to successfully estimate parameter c and estimated the GB2 distribution instead, Bordley et al. (1996) estimated all parameters including c every 5 years from 1970 to 1990. Therefore, it is reasonable to compare the results from Bordley et al. (1996) with the Bayesian approaches. We examine U.S. income data, which is estimated in Bordley et al. (1996) . To estimate the parameters of the GB distribution from these data, we run an RWMH algorithm using 200, 000 iterations and discarding the first 100, 000, while we run a TaRBMH algorithm using 11, 000 iterations and discarding the first 1, 000 for every year. Table 2 shows the estimation results from Bordley et al. (1996) and the posterior estimates of the parameters using the RWMH and TaRBMH algorithms. First, if we compare the posterior estimates of both algorithms, we see that the 95% credible intervals from the TaRBMH algorithm are wider than those from the RWMH algorithm. However, the posterior means are generally close to each other and the IF from the TaRBMH algorithm is much smaller than that from the RWMH algorithm except for the year 1975. Therefore, the TaRBMH algorithm searches through wider parameter spaces efficiently, and we focus on the results from the Once the parameters of the GB distribution are estimated, we can calculate the Gini coefficient from the parameters. 7 Table 3 and Figure 5 show the Gini coefficients of the U.S. family income data. The Gini coefficients are calculated from the MCMC draws of TaRBMH. From the results, we can observe that the inequalities have increasing trends. To confirm this tendency, Figure 6 shows the mobility of income distributions. From the figure, we can confirm that the modes slightly move to higher income and becomes lower. These might be the cause of the increasing trend of the Gini coefficients. 7 There is no analytical expression of the Gini coefficient for the GB distribution that differs from other beta-type distributions.
Therefore, we calculate the Gini coefficient from the GB distribution using numerical integration.
Family Income and Expenditure Survey in Japan
Finally, we examine data from the Family Income and Expenditure Survey (FIES) in Japan prepared by the Statistics Bureau, Ministry of Internal Affairs and Communications. We use workers' households data from the 2009 FIES. Quintile and decile data exist, and the sample size in both datasets is n = 10, 000. To estimate the parameters of the GB distribution from the FIES data in Japan, we run a TaRBMH algorithm using 21, 000
iterations and discarding the first 1, 000. Table 4 shows the posterior estimates from the FIES data in Japan. Table 4 implies that the estimates of c differ from 1.0. Therefore, parameter c also plays an important role in income distribution in Japan. We find that the posterior means and the 95% credible intervals differ slightly. This is especially the case in parameter p, where only the number of groups differs. Therefore, the posterior means in one result are included in the 95% credible intervals in the other result. To visually see the differences, GB distributions fitted to the representative sample are displayed in Figure 7 . The figure implies that the mode and the shape in the distribution are slightly different. However, both distributions seem to fit to the histogram drawn from the dataset. Therefore, our proposed algorithm works well even when the number of groups is small. Finally, we examine the estimated Gini coefficient from the GB distribution as same as the case of U.S. family income data. Table 5 shows the posterior estimates of the Gini coefficients. Although the posterior estimates of the original parameters slightly differ, those of the Gini coefficients are similar to each other. However, the 95% credible interval of the quintile data is wider than that of the decile data. Figure 8 shows the posterior distributions of the Gini coefficients, and we confirm that the posterior mode is different and the distribution from the quintile data is skewed. As shown by Kakamu (2015) , 8 the effect of the number of groups may also appear in the distribution variance of the Gini coefficient in the GB distribution. To discuss the accuracy of the Gini coefficient, we calculated the lower and upper bounds of the Gini coefficient as proposed by 8 Kakamu (2015) examined the performance of the Gini coefficients assuming Singh-Maddala and Dagum distributions using Monte Carlo experiments and showed that the effects of not only the number of observations but also the number of groups appears in the Gini coefficients in terms of the root mean square errors (RMSEs). Gastwirth (1972) , which are 0.238 and 0.261, respectively, for the quintile data. 9 The result indicates that both posterior means are included in the lower and upper bounds of the Gini coefficient. The 95% credible interval for the decile data approaches the lower and upper bounds, whereas that for the quintile data is slightly wider than these bounds. Then, the GB distribution can estimate the Gini coefficient accurately, and the accuracy increases as the number of groups increases.
Conclusions
This paper considered the estimation of the GB distribution parameters for grouped data from a Bayesian point of view. To estimate the parameters of the distribution, we utilized the TaRBMH algorithm proposed by Chib and Ramamurthy (2010). We examined numerical examples with one simulated and two real datasets. In the numerical examples, we compared a TaRBMH algorithm with the RWMH algorithm proposed by Chotikapanich and Griffiths (2000) . From the results, we confirmed that TaRBMH is more efficient than RWMH in terms of mixing. In addition, using empirical results of U.S. income data, we showed that the estimated parameters of our Bayesian approach may differ from those of the MLE. Finally, our Bayesian approach could estimate the parameters of the GB distribution even if the number of groups are relatively small, and the Gini coefficient from the GB distribution could be calculated accurately.
Finally, 10, 000 iterations of TaRBMH takes approximately 6 hours, while 2, 000, 000 iterations of RWMH takes about 10 minutes. The computation time is critical, but the shorter iterations of the RWMH algorithm might lead to the failure of an accurate estimation of the true parameters. We observed that the 95% credible intervals from RWMH are narrower than those from TaRBMH in the simulated and real datasets. Although it is not reported in this paper, more than 50, 000, 000 iterations were required to make the MCMC chain converge using FIES data with RWMH, and this takes more than 6 hours. Overcoming efficiency issues of the MCMC chain and time-consuming problems simultaneously is left to future work.
A MCMC Schemes by Chotikapanich and Griffiths (2000)
In this appendix, we briefly explain the MCMC procedures proposed by Chotikapanich and Griffiths (2000).
Chotikapanich and Griffiths (2000) first proposed an MCMC method to estimate the distribution parameters from grouped data using an RWMH algorithm. Their algorithm is as follows.
Generate a candidate value
, where c is a tuning parameter and Σ is the maximum likelihood covariance estimate. 10 
Compute
If any of the elements of θ new fall outside the feasible parameter region, α (
3. Generate a value u from U(0, 1).
5. Return to step 1, with m set to m + 1. Bordley et al. (1996) . The acceptance rates are as follows: around 50% in the RWMH algorithm every year, around 70% in the TaRBMH in 1975, and around 90% in the TaRBMH algorithm in other years. 
